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SUMMARY 
Thi s  r epor t  is  a seque l  t o  t h e  work presented  by t h e  a u t h o r s  i n  "An I n t e g r a l  
Equation Method i n  P l a n e  E l a s t i c i t y , "  NASA Contractor Report  , NASA .CR-779. The 
p reced ing  r epor t  p re sen ted  numer i ca l  r e su l t s  ob ta ined  from a formula t ion  of  the  
biharmonic stress f u n c t i o n  f o r  t h e  f irst  fundamental boundary-value problem i n  
p l a n e  e l a s t o s t a t i c s  i n  terms of  two s ingle- layer  potent ia ls ,  each containing an 
unknown source  dens i ty  func t ion .  
The r e sea rch  r epor t ed  he re in  shows t h a t  g r e a t e r  a c c u r a c y  i n  c a l c u l a t e d  hound- 
a r y  stress components can be obtained i f  the numerical ly-determined,  piece-wise 
cons t an t  sou rce  dens i ty  func t ions  are rep laced  by func t ions  wh ich ,  w i th  the i r  
first d e r i v a t i v e s ,  are cont inuous on t he  boundary .  In  con t r a s t  t o  o the r  r epor t ed  
r e s u l t s ,  t h i s  m o d i f i c a t i o n  p e r m i t s  o n e  t o  compute unknown boundary stress compo- 
n e n t s  d i r e c t l y  from the approximate stress funct ion  wi thout  recourse  to  such  
ind i r ec t   t echn iques  as e x t r a p o l a t i o n ,  n u m e r i c a l  d i f f e r e n t i a t i o n ,  a n d  o t h e r s .  As 
t h e  r e s u l t ,  a direct  comparison between the specif ied boundary stresses and those 
boundary  s t r e s ses  cons i s t en t  w i th  the  approx ima te  b iha rmon ic  s t r e s s  func t ion  is 
now made p o s s i b l e ;  a n d  t h e r e b y  t h e  u s e f u l n e s s  o f  t h e  i n t e g r a l  e q u a t i o n  method i n  
p l a n e  e l a s t i c i t y  is considerably enhanced. 
INTRODUCTION 
Th i s  r epor t  is a s e q u e l  t o  t h e  ear l ier  r e p o r t  "An In t eg ra l  Equa t ion  Method 
i n  P l a n e  E l a s t i c i t y , "  NASA Cont rac tor  Repor t ,  NASA CR-779 w r i t t e n  by t h e  same 
au thor s .  The preceding  repor t  p resented  a d i r ec t  numer i ca l  method f o r  s o l v i n g  
t h e  first fundamental  boundary-value problem of  plane elastostat ics .  The  method 
involved  the  formula t ion  of  t h e  biharmonic stress f u n c t i o n  i n  terms of two s i n g l e -  
l aye r  po ten t i a l s ,  each  con ta in ing  an  unknown source  dens i ty  func t ion .  Discrete 
va lues  o f  t he  sou rce  dens i ty  func t ions  were obtained numerical ly  by assuming t h e  
source densi ty  funct ions to  be piece-wise constant  around the boundary of  an 
e las t ic  region.  
Numerical r e s u l t s  p r e s e n t e d  i n  t h e  p r e c e d i n g  r e p o r t  ( re f .  1) i n d i c a t e  t h a t  
t h e  i n t e g r a l  e q u a t i o n  method is ext remely  accura te  a t  a d i s t a n c e  away from t h e  
boundary of an  elastic r e g i o n  b u t  t h a t ,  i n  gene ra l ,  t he  accu racy  o f  t he  numer i ca l  
so lu t ion  dec reases  as t h e  p o i n t  a t  which computations are performed approaches 
the boundary. Although reasonably accurate boundary stresses were o b t a i n e d  i n  some 
i n s t a n c e s  by us ing  the  computa t iona l  method g i v e n  i n  ( r e f .  l ) , t h e  r e s u l t s  o b t a i n e d  
from t h e  s t u d y  o f  p r o b l e m s  i n v o l v i n g  a n  e l l i p t i c a l  h o l e  i n  a n  i n f i n i t e  e las t ic  
reg ion  ind ica tes  tha t  the  technique  used  does  not  y ie ld  accura te  boundary  stresses 
on po r t ions  o f  t he  boundary  where ,  f rom one  in t e rva l  t o  ano the r ,  t he  change  in  the  
v a l u e  o f  t h e  s o u r c e  d e n s i t y  is r e l a t i v e l y  large. It  is appa ren t  f rom these  r e su l t s  
and  f rom o the r  pub l i shed  r e su l t s  ( r e f s .  2 and 3 )  t h a t  a n  improvement i n  t h e  a c c u -  
racy of boundary stress computations must be made i f  t h i s  n u m e r i c a l  method is t o  
b e  f u l l y  e x p l o i t e d .  
There is  c o n s i d e r a b l e  m o t i v a t i o n  f o r  c a l c u l a t i n g  stress components a t  t h e  
boundary direct ly  f rom the approximate stress function. This has not been done 
i n  ( r e f .  1) o r  i n  o t h e r  p u b l i s h e d  r e s u l t s .  The u s e  o f  e x t r a p o l a t i o n  ( r e f .  2 )  or 
n u m e r i c a l  d i f f e r e n t i a t i o n  ( r e f .  3 )  o f  t h e  stress f u n c t i o n  is an i n d i r e c t  method 
and t h e  results o b t a i n e d  a r e  n o t  c o n s i s t e n t l y  a c c u r a t e .  The  method of  computa- 
t i o n  u s e d  i n  ( r e f .  1) is  s impler  than ei ther  of  the above methods and f i ts  e a s i l y  
i n t o  t h e  framework of  ana lys i s ;  however ,  it " b e g s  t h e  q u e s t i o n "  t o  t h e  e x t e n t  t h a t  
o n l y  t h e  t o t a l  stress is  computed d i r e c t l y  and the  spec i f i ed  boundary  t r ac t ions  
are used  in  con junc t ion  wi th  the  computed t o t a l  stress t o  determine values of 
i n d i v i d u a l  stress components. 
A l l  t h e  methods t h a t  have been used t o  compute boundary stresses have  the  
same d e f i c i e n c y ;  t h a t  i s ,  they do not permit a direct  comparison between the 
spec i f i ed  boundary  t r ac t ions  and  those  tha t  are implied by the exis tence of t h e  
stress func t ion .  The idea   involved   here  is  t h a t  t h e  stress func t ion  satisfies 
the  f i e ld  equa t ion  au tomat i ca l ly  and  one  shou ld  be  ab le  to  compute the boundary 
t r a c t i o n s  w i t h  w h i c h  t h e  s t r e s s  f u n c t i o n  is  c o n s i s t e n t .  The comparison  between 
the  spec i f ied  boundary  t rac t ions  and  the  computed t r ac t ions  p rov ides  an  exce l l en t  
c r i t e r i o n  f o r  a s s e s s i n g  t h e  a c c u r a c y  of approximate solut ions.  
If d i r e c t l y  computed boundary t r a c t i o n s  are no t  ava i l ab le ,  t he  on ly  means 
a v a i l a b l e  t o  e v a l u a t e  t h e  v a l i d i t y  o f  a s o l u t i o n  is to  e s t ab l i sh  conve rgence  of 
numerical  solutions.  Convergence can only he assessed by solving the problem 
r e p e a t e d l y  w i t h  i n c r e a s i n g l y  f i n e r  b o u n d a r y  s u b d i v i s i o n s  u n t i l  n o  a p p r e c i a b l e  
change i n  r e s u l t s  is  observed. From t h e  r e s u l t s  i n  ( r e f .  11, it is clear t h a t  
the  ra te  of  convergence  is slowest on or nea r  the  boundary  and  tha t ,  i n  many i n -  
s t ances ,  t he  p re sen t  computa t iona l  capab i l i t y  may n o t  b e  s u f f i c i e n t  t o  e s t a b l i s h  
convergence  of a numer ica l  so lu t ion  a t  a l l  p o i n t s .  As t he  s imul t aneous  a lgeb ra i c  
equations used t o  de te rmine  source  dens i ty  va lues  inherent ly  become  more i l l - c o n  
d i t i o n e d  as t h e  number of boundary  subdiv is ions  increases ,  the  problem of  obta in-  
ing  convergent  so lu t ions  quick ly  degenera tes  to  the  var ious  problems met i n  d e a l i n g  
with imperfect computing machinery. 
The technique used t o  overcome t h e s e  d i f f i c u l t i e s  is  t o  r e p l a c e  t h e  p i e c e -  
wise cons t an t  sou rce  dens i ty  func t ions  wi th  dens i ty  func t ions  wh ich ,  w i th  the i r  
first d e r i v a t i v e s ,  are continuous on the  boundary.   These  cont inui ty   condi t ions 
are r equ i r ed  i f  the boundary stress components are t o  b e  d e f i n e d  d i r e c t l y  i n  t e r m s  
of  the  appropr ia te  second der iva t ives  of  the  approximate  b iharmonic  stress func t ion .  
For t h e  sake of  comple teness ,  the  in tegra l  equat ion  method p r e s e n t e d  i n  t h e  
p reced ing   r epor t   ( r e f .  1) is b r i e f l y  d e s c r i b e d  i n  t h e  f o l l o w i n g  s e c t i o n .  S u b s e -  
quen t   s ec t ions   p re sen t :  1) source   dens i ty   con t inu i ty   r equ i r emen t s ,  2 )  r ep resen ta -  
t i ons  o f  t he  sou rce  dens i ty  func t ions ,  3 )  formulas  for  boundary stress components, 
and 4 )  t he  computa t iona l  t echn iques .  F ina l ly ,  numer i ca l  r e su l t s  are presented 
and  d iscussed  for  an  ex ter ior  problem.  
2 
THE INTEGRAL EQUATION ?IETHOD 
The problem of determining the stress f i e l d   i n  a p lanar  reZion ,  subjec ted  
to  spec i f i ed  boundary  load ings ,  may he posed mathematically as one  of  f ind ing  
a s t r e s s  f u n c t i o n  x which is r e l a t e d  t o  t h e  stress components hy the  equa t ions  
The stress func t ion  will s a t i s f y  t h e  c o m p a t i b i l i t y  and equi l ibr ium equat ions pro-  
vided it i s  a s o l u t i o n  t o  t h e  b i h a r m o n i c  e q u a t i o n  w i t h i n  t h e  r e g i o n  of i n t e r e s t ;  
t h a t  i s ,  
The stress components defined by (1) must  be  cons is ten t  wi th  the  s ta te  o f  
stress spec i f ied  on  the  boundary  L of t h e  domain D. If Fx and F a r e  t h e  s t r e s s  
Components i n  t h e  x and _v d i r e c t i o n s  s p e c i f i e d  on L, then  the  boundary  condi t ions  
may be  wr i t t en ,  u s ing  equa t ions  (l), as 
Y 
where is  the  normal t o  L directed  inward  toward D .  The n o t a t i o n  employed is 
d e p i c t e d  i n  F i g u r e  1. 
Y 
X 
Note : For an e x t e r i o r  
problem, the d i r e c t i o n s  
of ii and E are reversed.  
Figure 1. -Sign  convent ion  for  an  in te r ior  domain. 
3 
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The g e n e r a l  r e p r e s e n t a t i o n  t a k e n  f o r  t h e  b i h a r m o n i c  f u n c t i o n  is 
where r ( P )  = (x2  + y2)1'2, and both 0 and 9 are harmonic functions; 
v ~ + ( P )  = 0 ,  = 0 ;  P i n  D.  
The s i n g l e - l a y e r  p o t e n t i a l s  
are both harmonic within D ,  as u and p are def ined only on L and log [ P - q [ i s  
harmonic.  Integrat ion is  over  the  en t i re  boundary  and  dq  is a sca la r  e lement  
of arc on L. S u b s t i t u t i o n  of (5) and ( 6 )  i n t o  ( 4 )  y i e l d s  
which is a biharmonic function involving two unknown f u n c t i o n s  u and p ,  commonly 
te rmed source  dens i ty  func t ions .  
The r ep resen ta t ion  g iven  by ( 7 )  is complete only for a simply-connected 
i n t e r i o r  domain. If a n  e x t e r i o r  domain is unde r  cons ide ra t ion ,  t hen ,  i n  o rde r  
t o  i n s u r e  s i n g l e - v a l u e d  d i s p l a c e m e n t s ,  it i s  n e c e s s a r y  t o  r e q u i r e  t h a t  
/u (q)dq  = 0 and a cons t an t  must be added t o  t h e  r e p r e s e n t a t i o n  g i v e n  by ( 7 )  t o  
L 
insure  completeness .  
Equations (3)  may be used t o  der ive  the  canonica l  boundary  condi t ions :  




where s is measured along the boundary L; so designates an arbitrary point on 
L; and a ,  8 ,  and y are constants of integration which may be set t o  zero for  
problems involving either inter ior  or exterior domains. Note that equations (8 )  
and (9) permit x and 2 to be computed d irec t ly  once the boundary tract ions  and 
the boundary geometry are spec i f ied .  
The boundary-value problem o r i g i n a l l y  d e f i n e d  by ( 2 )  and ( 3 )  is now presented  
in  canon ica l  fo rm 'by  (2), (8)  and ( 9 ) .  S i n c e  t h e  r e p r e s e n t a t i o n  o f  x provided  by 
( 7 )  au tomat i ca l ly  satisfies (2), the boundary-value problem is so lved  formal ly  
by  requi r ing  ( 7 )  t o  s a t i s f y  (8)  and ( 9 ) .  These two boundary equations lead t o  
two coupled integral  equat ions for t he  de t e rmina t ion  o f  o (q )  and  p ( q ) .  It is 
g e n e r a l l y  i m p o s s i b l e  t o  s o l v e  t h e  c o u p l e d  i n t e g r a l  e q u a t i o n s  e x a c t l y ;  t h e r e f o r e ,  
a numerical  method is used t o  obtain approximate solut ions.  
The numer ica l  so lu t ion  i s  accomplished by subdividing the boundary L i n t o  
m subd iv i s ions  numbered i n  t h e  d i r e c t i o n  of inc reas ing  s .  Within  each  in te rva l  
t he  a (q )  and  p ( q )  are assigned unknown cons tan t  va lues  (5. and pi;  i = 1, 2 ,  ... m .  
The l e n g t h  o f  t h e  i - t h  i n t e r v a l  is denoted by hi.  Because t h e  s o u r c e  d e n s i t i e s  
are assumed t o  b e  p i e c e - w i s e  c o n s t a n t ,  t h e  i n t e g r a l  e q u a t i o n s  become simultaneous 
a lgeb ra i c  equa t ions  i f  one requires  the boundary condi t ions ( 8 )  and ( 9 )  t o  b e  
s a t i s f i e d  a t  e a c h   i n t e r v a l   c e n t e r   p o i n t  p j = 1, 2 ,  ... m. These  equations 




i n  ( re f .  l), the  numer ica l  so lu t ion  took  the  fo l lowing  
where Ji i n d i c a t e s  i n t e g r a t i o n  o v e r  t h e  i - t h  i n t e r v a l .  
With t h i s  background concerning the basis  of  the integral  equat ion method,  
l e t  us proceed t o  c o n s i d e r  t h e  modifications implemented t o  improve the  accuracy  
of  the approximate solut ion and t o  p e r m i t  t h e  d i r e c t  c o m p u t a t i o n  of boundary 
stresses. 
CONSIDERATION OF SOURCE  DENSITY CONTINUITY 
I n  o r d e r  t o  compute boundary stresses d i r e c t l y  from the approximate stress 
func t ion ,  it i s  necessa ry  to  impose  ce r t a in  con t inu i ty  cond i t ions  on the  approx i -  
mate source  dens i ty  func t ions .  These  condi t ions  are suggested by the  fo l lowing  
d i scuss ion .  
Consider a por t ion  of  the  boundary  L t o  b e  a l i n e  segment of l eng th  h and 
t h e  boundary point p under  cons idera t ion  to  be  a t  a midpoint  of  this  segment .  
As shown i n  F i g u r e  2 ,  l o c a t e  a coord ina te  sys tem wi th  or ig in  a t  p with axes 11 






Figure 2 .  -Nota t ion  used  in  cons ider ing  source  dens i ty  cont inui ty .  
The l i m i t i n g  v a l u e s  o f  t h e  s e c o n d  d e r i v a t i v e s  of t h e  p o t e n t i a l  
w i l l  be derived as t h e  f i e l d  p o i n t  P l o c a t e d  as shown i n  F i g u r e  2 approaches p 
a l o n g  t h e  l i n e  q = 0 ( J  r ep resen t s   i n t eg ra t ion   ove r   t he   l i ne   s egmen t ) .  For t h i s  
example,  the source densi ty  funct ion p is rep resen ted  by 
h 
The limits t o  b e  e v a l u a t e d  are 
and 
6 
Note t h a t  V 2 1  = 0 so t h a t  = - a21 and ,   t he re fo re ,  I = - Ixx , provided 
t h e  limit i n d i c a t e d  i n  (14) e x i s t s .  Using ( x  t o  d e n o t e  a p o i n t  q on t h e  
l ine  segment ,  it follows from (11) t h a t  
a 2 1  





I P  - 4 4  = - x l2 + (y  - y,) . 2 2  17 
Since P is loca ted  on t h e  l i n e  17 = 0 ,  it is. clear t h a t  
x - x = E cos y + s i n  y ,  
rl 
y - y, = - E  s i n  y + r, cos y ,  
I P  - q14 = (€2  + ,212 ,  
where y is the  angu la r  coord ina te  a s  shown in  F igu re  2 .  
The i n t e g r a l s  o b t a i n e d  by s u b s t i t u t i n g  t h e  a b o v e  r e l a t i o n s ,  e q u a t i o n s  ( 1 2 )  
and (13) i n t o  (16 )  and ( 1 7 )  can   be   eva lua ted   ana ly t ica l ly .  When E << h /2 ,  
equat ions  ( 1 6 )  and (17)  can be reduced t o  as fol lows:  
p + h (P1 + P*) cos 2y - ( t 2  - t , )  cos  2y log E a 2 1  -2 
(p2  - P,) s i n  2y 
+ ll " 
E 2 1  ( t  + t2) s i n  2y 
+ 3 V l  + v,) cos 2y 
+ - (v, + v s i n  2y h 2 2 . 
From the   above   express ions  it can   be   s een   t ha t   t he  limits r and 7 given by 
equat ions  (14)   and (15) e x i s t  o n l y  when p p 2  and t2 = tl . From equat ions  
(12) and (131, it i s  e v i d e n t  t h a t  t h e s e  c o n d i t i o n s  are e q u i v a l e n t  t o  r e q u i r i n g  
t h a t  p(n)  and its first de r iva t ive  be  con t inuous  a t  p. Note t h a t  no r e s t r i c t i o n s  
are imposed  on t h e  c o e f f i c i e n t s  v and v so t h a t  a bounded d i s c o n t i n u i t y  i n  t h e  
second der iva t ive  of  a source  dens i ty  func t ion  is  pe rmis s ib l e .  It  i s  evident  
from t h e  a b o v e  d i s c u s s i o n  t h a t  t h e  r e p r e s e n t a t i o n  o f  t h e  s o u r c e  d e n s i t i e s  a s  
p i ece -wise  cons t an t  func t ions  au tomat i ca l ly  p rec ludes  the  poss ib i l i t y  of computing 
boundary stresses d i r e c t l y  from an approximate stress func t ion  having  the  form 




REPRESENTATION OF THE SOURCE DENSITY FUNCTIONS 
With in  each  of  the  m boundary subdivis ions of  the boundary L ,  t he  sou rce  
dens i ty  func t ions  are r e p r e s e n t e d  i n  terms o f  t h e  c o o r d i n a t e  s measured i n  t h e  
d i r e c t i o n   o f  as fo l lows:  
(r ( s )  = (r. + tai v + vai v ; i = 1, 2 ,  . . . m (18 a >  i 2 
1 
where v = ( s  - s i ) /h i  ( 0  " < v < 1) and si is t h e   v a l u e   o f  s a t  the   beginning   of  
t h e  ith i n t e r v a l .  
One must r e q u i r e  c o n t i n u i t y  o f  t h e  s o u r c e  d e n s i t i e s  a n d  t h e i r  d e r i v a t i v e s  
a t  each  in te rva l  end-poin t  . Hence , if  p (s) = p + t .v + v .  v 2  r e p r e s e n t s  e i t h e r  i 
u ( s )  or p ( s ) ;  i = 1, 2 ,  . . . m y  it is n e c e s s a r y  t h a t  i i i 1 1 
d s   d s  
8 
These  two  equa t ions  y i e ld  the  r e l a t ions  
pi + ti + vi = pi+l; i = 1, 2 ,  . . . m-1  
and 
w h i l e  f o r  t h e  case when i = m one has  
and 
I n  t h e  case of  an  
In  terms o f  the  r ep resen ta t ion  g iven  above ,  t h i s  cons t r a in t  is e q u i v a l e n t  t o  
m 
C h ( u . t f t   + - v  ) = O  I 
i=l 1 2 a i  3 o i  
(20)  
I n  o r d e r  t o  c o m p l e t e l y  s p e c i f y  a source  dens i ty  func t ion  us ing  (181, it is 
n e c e s s a r y  t o  d e t e r m i n e  t h e  3m c o e f f i c i e n t s  p ti, and v . i = 1, 2 ,  . . . m y  
s u b j e c t  t o  t h e  2m c o n s t r a i n t s  g i v e n  by ( 1 9 ) .  Therefore ,  i f  one  value  of a source 
d e n s i t y  is  known within each boundary subdivis ion,  it is  p o s s i b l e  t o  form equations 
i n  t h e  3m unknowns  whose so lu t ions  comple te ly  spec i fy  a s o u r c e  d e n s i t y  f u n c t i o n  i n  
terms of t h e  assumed r e p r e s e n t a t i o n  (18) .  I n  t h e  c a s e  of an  ex te r io r  p rob lem,  the  
system of equations becomes overdetermined because equation (20) provides another 
c o n s t r a i n t .  O f  c o u r s e ,  t h e  known va lue  of u within each interval should have been 
determined in  accordance  wi th  a c o n s t r a i n t  a n a l o g o u s  t o  ( 2 0 )  so t h a t  t h i s  c o n s t r a i n t  
w i l l  a lways  be  nea r ly  sa t i s f i ed  by t h e  s o l u t i o n s  t o  t h e  '3m equat ions .  It  is a sim- 
p l e  matter t h e n  t o  make a s l i g h t  a d j u s t m e n t  t o  t h e  v a l u e r  3f t h e  u which insures 
t h a t  ( 2 0 )  is s a t i s f i e d .  
i' i' 
i 
If t h e  problem under consideration has symmetry w i t h  r e s p e c t  t o  b o t h  t h e  
x and y a x e s ,  t h e n  t h e  number o f  c o e f f i c i e n t s  which must be determined t o  s p e c i f y  
each  source  dens i ty  func t ion  is on ly  3m/4. I n  t h i s  i n s t a n c e  t h e  s y s t e m  g o v e r n i n g  
t h e  unknown c o e f f i c i e n t s  is overde termined  in  any  c i rcumstance  because ,  in  order  
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to  preserve  the  symmetry ,  it is  n e c e s s a r y  t o  r e q u i r e  t h a t  t h e  d e r i v a t i v e  o f  each 
source  dens i ty  be  ze ro  a t  the  po in t s  where  the  boundary  in t e r sec t s  t he  x and y 
axes.  That i s ,  i f  k = m/4, t hen  tl, 
p r e p r e s e n t s  e i t h e r  u or u .  This  overdeterminacy presents  no rea l  problem, how- 
ever ,  and  in  fac t ,  can be used t o  s i m p l i f y  t h e  d e t e r m i n a t i o n  o f  t h e  unknown coef- 
f i c i e n t s .  Suppose tha t  t he  va lue  o f  each  source  dens i ty  is known a t  t h e  i n t e r v a l  
end   po in t ;   t ha t  is, t h e  pi  are spec i f i ed .   Then ,   u s ing   t he  fact  t h a t  t is equal  
t o  z e r o ,  we can  de te fn ine  v from t h e  first o f  t h e  e q u a t i o n s  (19) by consider ing 
t h e  case i = 1. Then t2 can be determined from the second equation and the whole 
process   can   be   repea ted   for  i = 2,  3 ,  . . . m .  I n  t h i s  way a l l  t he  r equ i r ed  coe f -  
f ic ie r : t s  can  be  de te rmined  wi thout  having  to  so lve  a l a r g e  set of  s imultaneous 
equat ions.  
t k + l y  t 2 k t l y  and t3k+l  must be zero when 
1 
1 
P r i o r  t o  d e t e r m i n i n g  t h e s e  unknown c o e f f i c i e n t s  i n  t h i s  manner,   conditioning 
o f   t he  known p i  must  be  performed i n  o r d e r  t o  i n s u r e  t h a t  t is e q u a l   t o   z e r o .  
L e t  p i ,  i = 1, 2 ,  . . . m t l ,  b e  the  ltnovm va lues  o f  a source  dens i ty  a t  t h e  i n t e r v a l  
end  points .  L e t  p i  be those  va lues  of  the  source  dens i ty  which  insure  tha t  t 
is e q u a l  t o  z e r o .  I t  can  be shown t h a t  
k t 1  
.t. 
k t 1  
hence,  one obtains 




Note t h a t  as t h e  number of  boundary intervals  is  increased ,  the  d i f fe rence  be tween 
and t h e  p i  will dec rease .  For the  numerical  examples  considered,  the parameter  
." 
a is q u i t e  small and t h i s  c o n d i t i o n i n g  p r o c e s s  h a s  l i t t l e  effect  on the  accuracy  
o f  t h e  s p e c i f i e d  s o u r c e  d e n s i t i e s .  
The f i n a l  s t e p  i n  t h e  c o n d i t i o n i n g  g r o c e s s  is performed a f te r  t h e  c o n s t a n t s  





one computes t h e  q u a n t i t y  
k <: 1 1 
i=l i 2 0  3 0  i i 
A =  C hi(O t - t  t - v  , 
and 
... h .. ,. .*. A 
C h  
j =1 j 
0 = 0 - -  
i i k '  
If t h e  numbers u"" are u s e d  i n  t h e  r e p r e s e n t a t i o n  of a(s )  a l l  necessary condi-  
t i o n s  w i l l  b e  s a t i s f i e d  b y  t h e  r e p r e s e n t a t i o n s  of t he  sou rce  dens i ty  func t ions .  




as t h e  d i f f e r e n c e  
follows it can be 
." .r. 
between o'."' and U" is a cons t an t  fo r  a l l  i. I n  t h e  work t h a t  
assumed tha t  source  dens i ty  coef f ic ien ts  have  been  condi t ioned  
.1. 
1 i 
properly.  Asterisks w i l l  no longer be used t o  i nd ica t e  p rope r  cond i t ion ing .  
REPRESENTATIONS FOR BOIJXDARY STRESSES 
I n  o r d e r  t o  c o m p l e t e l y  s p e c i f y  t h e  s t a t e  o f  stress a t  a g iven  poin t  p(x ,y)  
on L ,  t h e  t o t a l  stress and the normal  and shear  stress tangent  t o  the boundary 
will be   ca l cu la t ed .  The t o t a l  stress, 0 ,  is  simply V 2 x .  To develop  formulas 
fo r  t he  shea r  and  no rma l  s t r e s ses ,  de f ine  a r ec t angu la r  coord ina te  sys t em wi th  
o r i g i n  a t  p(x,y)   and  the  axes  r) and E measured i n  t h e  d i r e c t i o n  o f  a n d  n 
r e s p e c t i v e l y .  Then t h e   t a n g e n t i a l  stress, o is d e f i n e d   i n  terms o f   t h e  stress 
func t ion  by the  equa t ion  
t '  
and t h e   s h e a r  stress, T is  given by t '  
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Therefore ,  i n  o r d e r  t o  c a l c u l a t e  t h e  b o u n d a r y  stresses d i r e c t l y  from equat ion 
(7), one must  evaluate  expressions of the  fo l lowing  type. 
and 
I’ = l i m  s I’ = l i m  as p , 
E’O 
P ’  E .YO a E  
-
(23  c ,d)  
( 2 3  e )  
and we have used p t o  r e p r e s e n t  e i t h e r  u or p. 
The formulas a t  p ( x , y >  for t h e  t o t a l  stress and the shear  and normal  stresses 
p a r a l l e l  t o  t h e  boundary can be writ ten i n  terms of the above expressions as: 
( 2 5  ’a) 
Equat ions (25 a-c)  give representat ions for  the boundary stress components,  and 
t h e  n e x t  s e c t i o n  d e a l s  w i t h  t h e  e v a l u a t i o n  of t h e  limits appear in l r  in  these  equat ions .  
BOUNDARY APPROXIMATIOMS AND LIMIT FORI1IIJJAS 
Though, i d e a l l y ,  one  would l i k e  t o  have formulas which permit the calculation 
of  boundary  s t resses  us ing  equat ions  ( 2 5 )  a t  any point  p(x ,y) on the boundary , t h e  
fo l lowing  d iscuss ion  w i l l  he r e s t r i c t e d  t o  t h e  e v a l u a t i o n  o f  t h e  r e q u i r e d .  limit 
when the  poin t  under  cons idera t ion  i s  an  in te rva l  end  poin t .  There  is  no s p e c i a l  
reason for such a r e s t r i c t i o n ;  t h a t  is, it is  p o s s i b l e  t o  u s e  e q u a t i o n s  ( 2 5 )  
wherever  boundary cont inui ty  condi t ions are met. €!owever , the development of a 
12 
computational scheme t o  handle any boundary point would be fraught with notational 
d i f f i c u l t i e s .  It  is s imple r  t o  pe r fo rm the  pa r t i t i on ing  o f  t he  boundary  so t h a t  
t h e  s e l e c t e d  c o m p u t a t i o n a l  p o i n t s  c o r r e s p o n d  t o  i n t e r v a l  end p o i n t s .  With t h i s  
understanding, l e t  us  proceed  to  deve lop  formulas  for  the  eva lua t ion  of  equat ions  
( 2 5 )  a t  i n t e r v a l  end p o i n t s .  
Assume t h e  p o i n t  p ( x , y )  t o  b e  a t  the  beg inn ing  o f  i n t e rva l  i+l ( a t  s = si+l) .  
It is c l e a r  t h a t  e x c e p t  i n  t h e  i n t e r v a l s  i and i+l t h e  i n t e g r a n d s  o f  t h e  p o t e n t i a l  
func t ions  and the i r  der iva t ives  a re  wel l -behaved .  Therefore ,  one  may cons ider  
each  o f  t he  in t eg ra l s  i n  equa t ions  ( 2 3 )  t o  be  the  sum of  two i n t e g r a l s .  One i n t e -  
g ra l  ex tends  ove r  t he  i and i+l in te rva l s  wh i l e  t he  o the r  ex tends  ove r  t he  r ema inde r  
o f  t he  boundary .  Fo r  in t eg ra l s  o f  t he  l a t t e r  t ype ,  t he  r equ i r ed  limits may be 
formed by simply replacing P by  p i n  t h e  i n t e g r a l s .  The r e s u l t i n g  i n t e g r a l s  may 
be  eva lua ted  accura te ly  us ing  Simpson’s  ru le .  
I n  e v a l u a t i n g  t h e  limits of i n t e g r a l s  o v e r  i n t e r v a l s  i and i+l, it i s  neces- 
s a r y  t o  p e r f o r m  t h e  r e q u i r e d  i n t e g r a t i o n  and d i f f e r e n t i a t i o n  and t o  s u b s t i t u t e  
z e r o  f o r  q p r i o r  t o  t a k i n g  t h e  i n d i c a t e d  limit. 
The fundamental approximation made i n  e v a l u a t i n g  t h e  i n t e g r a l s  o v e r  t h e  i 
and t h e  i+l i n t e r v a l s  is t o  r e p l a c e  t h e  boundary segments within each of these 
i n t e r v a l s  by c i r c u l a r  a r c s  t a n g e n t  at the point  p .  Associated with each of  these 
a r c s  a r e  r a d i i  R .  and Ri+l and  included  angles 6 and 6i+l respect ively.   Angular  
coord ina tes  a and a as well as o t h e r  n o t a t i o n s  a r e  i l l u s t r a t e d  i n  F i g u r e  3.f: 
1 -  i 
E 
- - -“A 
P ( n  ,E) 
Note: Ridi = hi 
11 
Figure  3 .  -Boundary approximation used t o  e v a l u a t e  limits. 
*The formulas derived from the geometry shown i n  F i g u r e  3 do not cover a l l  poss ib l e  
s i t u a t i o n s ,  s i n c e  i n  t h i s  f i g u r e ,  t h e  c o o r d i n a t e  E is d i r e c t e d  away from t h e  c e n t e r s  
of  bo th  a rcs .  In  the  genera l  case, t h e  c o o r d i n a t e  E may be directed toward or away 
from t h e  c e n t e r  o f  e i t h e r  arc dependin3 on the shape of the boundary. 
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From t h e  g e o m e t r y  i l l u s t r a t e d  i n  F i g u r e  3 it can be shown t h a t  
I p-q I i = (2Ri2 t 2 ~ R . l  1 (1-cos a) t 2Ri rl s i n  a t + q2 
2 I p-q I it 
and t h a t  
2 
1 = (2Fit1 t 2ERit1)(l-cos a - 2P.. 1+ 
I n  terms of the  parameters  c1 and z, t h e  r e p r e s e n t a t i o n s  0% t h e  s o u r c e  d e n s i t i e s  
p ( s  1 and pi+’(s 1 become r e s p e c t i v e l y ,  i 
n 
If 5 i s  t h e   c o n t r i b u t i o n   t o  S equat ion (24) ,  f rom  in t eg ra t ion   ove r   i n t e rva l s  
i and itl, then  one has 
P P ’  
;‘:The n o t a t i o n  p ( s )  is  used as b e f o r e  t o  s i g n i f y  e i t h e r  u ( s )  or u(s) .  
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. .. . . I 
I 
- R .  
Sp = 2 lo p (a)log[(2Ri2 t 2 ~ R . ) ( l - c o s  a) t 2Rin s i n  a + t n2]da 1 ‘i i 
1 
If Hp , HZ, Ii: , H:€, and Hp are t h e  limits given by equaticns  (23) when is 
s u b s t i t u t e d  for S then,   usin,?   equat ions ( 2 6 )  throuFr,h (301, t he   fo l lowing   r e -  
s u l t s  can be obtained.;: 
nE P 
p ’  
R .  6i  
2 1 
# = -?L ro p (a1logC2R. 2 (1-cos a)ldn 
(t. + 2Vi) vi 6i  
A i  + - 1 
E 6 
(1-cos 6 .  ) 6 .  [ v . a 2 -   a 6 . ( t .  + 2v.11 s i n  adq 
1 1 1 1 1 1  1 
itl, (1-cos 6 ) + jo 1-cos a 
:\The d e r i v a t i o n  of t h e s e  r e s u l t s  is o u t l i n e d  i n  Appendix A. 
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V 2 
t 6i+l a cos  ada i 6i a cos  ada t 1-cos a 2fjiZRi '0 1-cos a 
V 
t it1 6itl a2cos  ada 2Rit16it1 j0
" 
1-cos a , 
hitl 
i it1 
1 it1 it1 
l-cos- 
'it1 r Trt Hp = -log (-
1-cos: 
ne r .  hi ) + R  6 
L' i 
i+l i a s i n   a d a  6itl a s i n  ada 6 + -  I fo 1-cos a jo 2Rit16  it1 
- I 1-cos a 
V it1 6itl a 2 s i n  ada z r  
V.  
t 1 a 2 s t n  clda 
2Rit16i+l 0 1-cos n 2R.  6 7  ' 0  1-cos a ' 
- -  
1 1  
(31 d )  
where r .  = (Ri t X ) /2 .  The v a r i a b l e  a appears  only as a v a r i a b l e   o f   i n t e g r a t i o n  
i n  e q u a t i o n s  (31) so  t h a t  t h e r e  i s  no reason t o  d i s t i n g u i s h  b e t w e e n  a and G. 
1 it1 
Some comments are i n  o r d e r  w i t h  regard t o  e q u a t i o n s  ( 3 1 ) .  F i r s t  some ex- 
p r e s s i o n s  a r e  l e f t  i n  terms o f  
i n t eg ra l  appea r ing  in  equa t ion  
6i+l a cos ada 
i 1-cos a 
- Gitlctn 
- 
i n t e g r a l s  f o r  t h e  sake of conciseness .  The first 
(31  d )  can be wri t ten as 
$iitl 1 + Gictn yi 1 
The last two i n t e g r a l s  i n  e q u a t i o n  (31  d)  can be evaluated from the  formula :  
where (I3 j = 0 ,  1, 2 ,  . . .] are the  Bernoul l i   numbers .  All remain ing   in tegra ls  2 j  ' 
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may be reduced t o  t h e  f o l l o w i n g  t y p e :  
k = O , 1 , 2 , .  . . 
as 
k 6 a s i n  a d a  - 
'0 1-cos a 
It should  he  noted  tha t  
6 log(1-cos 6 )  - k Io a log(   1 -cos   a )da  . k fi k - 1  
t h e  first term on the  r igh t -hand s ide  of  equat ion  ( 3 1  e )  
cannot be derived i f  the boundary is approximated as shown i n  F i g u r e  3. The t an -  
g e n t  c i r c u l a r  arcs create a boundary with a d i s c o n t i n u i t y  i n  t h e  c u r v a t u r e  at p .  
a 5  
a e a q  
This  d iscont inui ty  causes  t h e  expressi-on l i m  --.-to  have a logar i thmic  s ingu-  P 
E+O 
r l=O 
l a r i t y  i n  t h e  term w i t h  c o e f f i c i e n t  p i+l' The tern g iven  in  equa t ion  ( 3 1  e )  is 
an adequate approximation t o  t h e  r e s u l t s  o b t a i n e d  from more d e t a i l e d  a n a l y s i s  
which e s t a b l i s h e s  t h e  e x i s t a n c e  o f  t h e  limit provided there is no  d i scon t inu i ty  
i n  t h e  c u r v a t u r e  of the boundary.  
The  r e l a t i o n s  g i v e n  by equa t ions  (31 a)  through ( 3 1  c )  3re s imply  spec ia l  
p r e s e n t a t i o n s  of w e l l - k n o m  r e s u l t s  i n  p o t e n t i a l  t h e o r v .  The r e s u l t s  q i v e n  i n  
equat ions ( 3 1  d)  and ( 3 1  e)   have  not   been  found  in   any  publ icat ions.  I t  is 
emphasized that  the li.mits rep resen ted  hy these equat ions do not  exis t  no matter  
what boundary  geometry i s  assumed,  un less  the  source  dens i t ies  and t h e i r  first 
d e r i v a t i v e s  w i t h  r e s p e c t  t o  t h e  v a r i a b l e  s are continuous on 1,. 
TEE N U X R I C A L   C A L C U L A T I O N  OF ROUNDARY STRESSES 
The r e s u l t s  g i v e n  i n  t h e  precedi.nE chapters permit the development of a 
computational scheme t o  c a l c u l a t e  t h e  b o u n d a r y  s t r c s s e s  a t  i n t e r v a l  end points  
using  equat ions ( 2 5 ) .  The computational method developed will b e  o u t l i n e d  i n  
t h i s  s e c t i o n .  
As d i scussed  in  the  p reced ing  sec t ion ,  each  o f  t h e  limits a p p e a r l n z  i n  
q u a t i o n s  ( 2 5 )  is considered as t h e  sum of two Darts. If the  se lec ted  boundary  
po in t  is a t  s ( the   beg inn in , ?   o f   i n t e rva l   i+ l ) ,   t hen   one   pa r t  is t h e  limit 
of t h e  i n t e g r a t i o n  o v e r  i n t e r v a l s  i and i+l while t h e  o t h e r  ?art is t h e  limit 
of the i1ltep;ration over the remainder o:F the boundary. The former limits can be 
evaluated using the formulas  for l ip  , H E ,  HE, R E E ,  and H' given by equat ions  (31) .  
i+ 1
n E  
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The in t eg ra t ion  fo rmulas  g iven  in  the  d i scuss ion  fo l lowing  these  equa t ions  can  be  
used t o  e v a l u a t e  t h e  r e q u i r e d  i n t e g r a l s .  
The limits of in t eg ra l s  ove r  t he  boundary  complement o f  i n t e r v a l s  i and it1 
are   eva lua ted   us ing   S impson ' s   ru le .  For j = 1 2 ,  . . . m ;  j # i-1, i ,  itl, or 
i t 2 ;  i n t e g r a n d s  are eva lua ted  a t  i n t e r v a l  e n d  a n d  c e n t e r  p o i n t s  f o r  s u b s t i t u t i o n  
into  Simpson's   rule .   That  i s ,  i f  
r e p r e s e n t s  t h e  i n t e g r a l  t o  b e  e v a l u a t e d ,  o n e  u s e s  
h .  
I n  p r a c t t c e ,  i n s t e a d  o f  u s i n ?  S i m p s o n ' s  r u l e  t o  e v a l u a t e  t h e  f irst  an6 sec- 
ond d e r i v a t i v e s  of i n t e g r a l s  o f  t h i s  t y p e  w i t h  r e s p e c t  t o  t h e  v a r i a b l e s  E and Q ,  
Simpson's rule is used t o  c a l c u l a t e  t h e  r e q u i . r e d  d e r i v a t i v e s  w i t h  r e s p e c t  t o  
x and y .  Then t h e  c h a i n  r u l e  f o r  d i f f e r e n t i a t i o n  is used t o  de te rmine  the  requi red  
d e r i v a t i v e s  w i t h  r e s p e c t  t o  E and 11. 
I n t e g r a t i o n  Over I n t e r v a l s  i - I .  and i + 2  
The reason  for  no t  us ing  eaua t ion  (3?) t o  e v a l u a t e  i n t e c r a l s  o v e r  i n t e r v a l s  
i-1 and i t 2  is i n d i c a t e d  by Fi.yure 10  i n  ( r e f .  1). The curves shown i n  t h i s  
f i g u r e  i l l u s t r a t e  t h a t  i f  t h e  r a t i o  o f  t h e  n i n i n u m  d i s t a n c e  from t h e  i n t e r v a l  t o  
t h e  l e n g t h  o f  t h e  i n t e r v a l  is  less than  1 . 2 5 ,  an  in t eg ra t ion  error of ,Treater 
than one percent can occur i f  o n l y  i n t e r v a l  end  and c e n t e r  p o i n t s  a r e  u s e d  i n  
Simpson's   rule .   Therefore   within  i -ntervals  i-1 and i t ? ,   i n t e a r a n d s  are evaluated 
a t  s eve ra l  boundary  po in t s  t o  ma in ta in  in t e , z ra t ion  accu racy .  Plote t h a t  i f  t h e  
boundary i s  d i v i d e d  i n t o  i n t e r v a l s  of e ; r ea t ly  d i f f e ren t  l eng ths ,  t hen  equa t ion  
(32) may not be s u f f i c i e n t l y  a c c u r a t e  e v e n  when t h e  p o i n t  p ( x , y )  is  anproximately 
two i n t e r v a l  l e n g t h s  away from t h e  i n t e r v a l  o f  i n t e y r a t i . o n .  
The  method used t o  e v a l u a t e  i n t e g r a l s  i s  i l l u s t r a t e d  below for i n t e r v a l  i t 2 .  
As shown i n  F i g u r e  4 ,  t h i s  i n t e r v a l  is approximated by a c i r c u l a r  a r c  w i t h  r a d i u s  
R and  an  included  angle o f  fi The c e n t e r  of t h i s  arc i s  1-ocated a t  (x 
r y  'r 
w i t h  r e s p e c t  t o  t h e  x-y axes.  A coordinate system with axes x and 7 is loca ted  
as shown i n  F i g u r e  4 .  
i + 2  i + 2  ' 1 
If (gsy 7 ) is t h e  l o c a t i o n  of a v a r i a b l e  p o i n t  on t h e  i n t e r v a l  i t 2  r e l a t i v e  
S 
t o  a x e s  x and y, then  us ing  the  no ta t ion  shown i n  F i g u r e  4 ,  one can write 
- - 








“ X  
3 vs 1 
i+2   i+2
interval i + 2  
?Jete: I?. 6 
1+2 i+2 = 
Figure Q .  -Descr ipt ion of Interval i+2. 
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where 
y = $m-a),  1 d 2Rit2sin  y/2 
- 
and 
Yr - Yr - Ys - 
i t 2  
Since 
x = x  - x  
S S S Y Ys - Ys - Ys 
- 
Y 
i t 2  i+ 2
one has 
A l l  i n t e g r a l s  
equat ion (33 
o f  t he  po ten t i a l  func t ion  and  i t s  der ivat ives  can be formed using 
o v e r   i n t e r v a l   i + 2 .  The q u a n t i t i e s  x u ( s ) ,  and u ( s )  are 
" i+ 2 i+2  
s ,  yS.9 
expres sed  in  terms of t he  ang le  a so t h a t  a l l  in tegrands  can  be  eva lua ted  a t  in -  
cremented values of a. These  r e su l t s  are u s e d  i n  S i m p s o n ' s  r u l e  t o  compute a l l  
r e q u i r e d  i n t e g r a l s  as a c c u r a t e l y  as necessary.  
Summary of the Computational Technique 
Equat ions (25)  provide general  formulas  f rom which boundary s t r e s ses  can  be  
determined. The limits appear ing  in  these  formulas  can  be  eva lua ted  a t  i n t e r v a l  
end  poin ts  us ing  the  formulas  (31) and t h e  methods j u s t  d i s c u s s e d .  
To use the computat ional  formulas  it is  n e c e s s a r y  t o  r e p r e s e n t  t h e  s o u r c e  
d e n s i t y  f u n c t i o n s  as descr ibed  in  one  of  the  preceding  sec t ions  ca l led  Representa-  
t ion  of  the  Source  Dens i ty  Funct ions .  The c o n t e n t s  of t h a t  s e c t i o n  a l s o  i n d i c a t e  
how t h e  c o e f f i c i e n t s  u s e d  i n  t h e  r e p r e s e n t a t i o n s  may be  eva lua ted  i f  values  of 
s o u r c e  d e n s i t i e s  are known at one  point  with.in  each  boundary  interval.  The source 
densi ty  funct ions der ived using the indicated methods are no t  exac t  and ,  i n  f a c t ,  
f o r  t h e  same known source  dens i ty  va lues  more than  one  se t  o f  c o e f f i c i e n t s  CJ 
tui, vai, p . ,  tui, and v i = 1, 2 ,  . . . m ,  can   be   der ived .   Fur ther ,  i f  t h e  
known v a l u e s  o f  t h e  s o u r c e  d e n s i t i e s  are obtained through a numerical method, then 
t h e r e  is  some inaccuracy  in  these  va lues .  Therefore ,  t h e  accuracy of the  sou rce  
i' 
1 p i '  
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densi ty  representat ions can be determined only by comparing the specif ied boundary 
t r a c t i o n s  w i t h  t h o s e  c a l c u l a t e d  from t h e  computed  boundary stresses. I n  g e n e r a l ,  
it is  n e c e s s a r y  t o  make a series of a d j u s t m e n t s  i n  t h e  c o e f f i c i e n t s  o f  v i n  e q u a t i o n s  
(18 a )  and (18 b )  i n  o r d e r  t o  o b t a i n  t h e  r e q u i r e d  a c c u r a c y  i n  t h e  a p p r o x i m a t e  stress 
funct ion .  
The b o u n d a r y  d a t a  r e q u i r e d  t o  compute boundary stresses inc ludes  the  in fo r -  
mat ion necessary t o  per form the  computa t ions  repor ted  in  ( re f .  1) and a l s o  t h e  
information needed t o  approximate  the  boundary  in te rva ls  by c i r c u l a r  arcs. The 
method used t o  develop these boundary approximations i s  t o  compute t h e  r a d i u s  of 
curva ture  at the  end  and  cen te r  po in t s  o f  each  in t e rva l  and  to  subsequen t ly  a s s ign  
the boundary arc a r ad ius  equa l  t o  the  ave rage  o f  t hese  th ree  va lues .  The in -  
c luded  angle  for  each  arc is t h e  r a t i o  o f  t h e  i n t e r v a l  l e n g t h  t o  t h e  a v e r a g e  r a d i u s  
The l o c a t i o n  o f  t h e  c e n t e r  o f  t h e  arc can  be  found us ing  the  coord ina tes  of  the  
i n t e r v a l  end  poin ts  and  the  va lues  of  the  rad ius  and  the  inc luded  angle .  
NUMERICAL EXAMPLES 
The example problem chosen t o  t e s t  the  desc r ibed  method f o r  c a l c u l a t i n g  bound- 
a ry  stresses i s  t h a t  o f  t h e  e l l i p t i c  h o l e  i n  an i n f i n i t e  p l a t e  s u b j e c t e d  t o  i n t e r n a l  
pressure.   This  problem was d i scussed  a s  Example 2 i n  ( r e f .  1) and r e l evan t  no ta -  
t i o n  is descr ibed therein.  This  problem is chosen as an  example f o r  t h e  f o l l o w i n g  
reasons  : 
1) Changes in the boundary contours can be accomplishkd by changing  the  ax is  
ra t  i o .  
2 )  From r e s u l t s  g i v e n  i n  F i g u r e  1 4  of  ( R e f .  11, it can be seen that  changes 
i n  boundary geometry have a s i g n i f i c a n t  e f f e c t  on the  behav io r  of the  source  
dens i ty  func t ions .  
3 )  The presence of a s t r e s s  concen t r a t ion  g ives  the  p rob lem p rac t i ca l  rele- 
vance  because  in  such  s i tua t ions  the  accu ra t e  p red ic t ion  o f  boundary  s t r e s ses  
is  of c r i t i ca l  importance.  
D i s c u s s i o n  o f  R e s u l t s  f o r  t h e  E l l i p s e  With a /b  = 2 
The computation of boundary stresses was first a t tempted  for  the  problem wi th  
a /b  = 2. Each  quadran t  o f  t he  e l l i p t i ca l  boundary  was d i v i d e d  i n t o  32 subd iv i s ions  
o f   e q u a l   l e n g t h ,   d e n o t e d   b y   h .   F i n a l l y ,   t h e   c o e f f i c i e n t s   n e c e s s a r y   t o   s p e c i f y  
the  sou rce  dens i ty  func t ions  wi th in  each  boundary  in t e rva l  were determined. 
The assignment of ltnown v a l u e s  o f  t h e  s o u r c e  d e n s i t i e s  a t  e a c h  i n t e r v a l  end p o i n t  
was accompl i shed  us ing  r e su l t s  ob ta ined  from t h e  n u m e r i c a l  s o l u t i o n  t o  t h e  b i h a r -  
monic equat ion .  F igure  5 p r e s e n t s  a n a l y t i c a l  v a l u e s  o f  t h e  t a n e e n t i a l  and shea r  
stresses, u and T r e s p e c t i v e l y ,  i n  terms of  the  parameter  4s/ IL I where s = 0 is 
a t  y = b , x = 0 and ILI  is circumference of t h e  e l l i p s e .  Note t h a t  f o r  t h i s  problem 
t h e  s p e c i f i e d  v a l u e  of T on the boundary is zero.  t 
t t 
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Q - Calculated Values, First Trial - - Analytical Values 
Figure 5.  -Normal stress and shear  stress 
tangent  t o  t h e  e l l i p t i c  b o u n d a r y ,  f irst  t r i a l ,  a /b  = 2 .  
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. . . .  
- Calculated Values,  First Trial 
- Analvtical  Values 
1 
FiRure 6 .  -To ta l  s t r e s s  and  !?x- on t h e  e l l i p t i c  boundary, fix 
first t r i a l ,  a/b = 2 ,  a = 2 .  
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The results i n  F i g u r e  5 i l l u s t r a t e  t h a t  t h e  a p p r o x i m a t e  stress funct ion c,nl., 
c rude ly  r ep resen t s  t he  exac t  stress func t ion .  However, cons ide ra t ion  of tt:cr,e 
r e s u l t s  l e a d  t o  a q u i t e  p r o f i t a b l e  e x a m i n a t i o n  o f  t h e  c h a r a c t e r i s t i c s  of thr-! qp- 
proximate  so lu t ion .  The resu l t s  of  th i s  examinat ion  and  subsequent  improvcrr,r:r,t-; 
in  the  accuracy  of  the  approximate  stress func t ion  are discussed belon.  
Figure 6 shows c a l c u l a t e d  a n d  a n a l y t i c a l  v a l u e s  o f  t h e  t o t a l  stress and 3, 
(J X 
The t o t a l  stress depends on the  sou rce  dens i ty  a ( s > ,  not  on p(s). Ilowever, 
a depends on both  source  dens i ty  func t ions‘ .  The excellent agreement hetveen ttlr: 
c a l c u l a t e d  a n d  a n a l y t i c a l  v a l u e s  s t r o n g l y  i m p l i e s  t h a t  t h e  s o u r c e  d e n s i t y  f u n c t i o n r  
used are accura t e .  However, further  examination  of  the  numerical .   results  di .r ,closes 
tha t   he   p rocedure   fo r   de t e rmin ing   t he   sou rce   dens i tv   coe f f i c i en t s  t v a i ’  a i ’  t,l;.’ 
and v from t h e   s p e c i f i e d  end   po in t   va lues  ( a  and p.) causes   considerable   f luc-  
t ua t ion  in  the  s lope  o f  t he  approx ima te  dens i ty  func t ions .  These  f luc tua t ions  ape  
no t  cons i s t en t  w i th  the  appea rance  o f  t he  p lo t t ed  va lues  o f  t he  known source den- 
sities. They are in t roduced  because  condi t ion ing  of  the  known source  dens i t i e s  
va lues  i s  requ i r ed   and   because   t he   coe f f i c i en t s  t and t depend on t h e   d i f f e r e n c e  
of  known va lues .  Smal l  i naccurac i e s  in  the  known va lues  become magnified  and  lead 
t o  c o n s i d e r a b l e  d i s t o r t i o n  i n  t h e  f irst  d e r i v a t i v e s  of the  dens i ty  func t ions  wi th  
r e s p e c t  t o  s.  Figure 7 shows a p l o t  o f  t h e  parameter h- ( p  = a or p) f o r  t h e  
f i rs t  t r i a l  a t  the  problem. The s i g n i f i c a n c e  o f  t h e  f l u c t u a t i o n s  o f  t h e  s o u r c e  
d e n s i t y  s l o p e s  is found i n  t h e  comparison of h- and t h e  c a l c u l a t e d  v a l u e s  o f  T 
ax 
p i  i 1 
a i  u i  
dp R 
d s  
d1.I 
as t’ 
I t  can be noted from Figures 5 and 7 t h a t  t h e  r e l a t i v e  extremums i n  t h e  v a l u e s  
o f  t h e s e  two q u a n t i t i e s  c o r r e l a t e  w i t h  one another .  In  compar ing  the  two f igures ,  
it is  poss ib l e  to  dec ide  wh ich  va lues  o f  h- are high and which are low. The re- 
s u l t s  o f  s u c h  a comparison is supported by ca lcu la t ions  which  show t h a t  t h e  o r i g i n  
of t h e  s h e a r  f l u c t u a t i o n s  are t h e  terms w i t h  c o e f f i c i e n t  ti+l i n  e q p a t i o n  ( 3 1  e )  
f o r  Hp when p = 1.1. Note t h a t  t h e r e  is much less f l u c t u a t i o n  i n  h- t h a n  i n  h- da du ds  
and a l s o  t h a t  t h e  m a g n i t u d e  o f  h- is g e n e r a l l y  much less than  h- f o r  
so  t h a t  t h e  c o e f f i c i e n t s  t make only a small c o n t r i b u t i o n  t o  t h e  s h e a r  f l u c t u a -  
t i o n s  shown i n  F i g u r e  5. 
dp 
d s  
rlE do duds 
d s   d s  2. .5  
a i  
I n  a d d i t i o n  t o  t h e  i n f o r m a t i o n  p r e v i o u s l y  d i s c u s s e d ,  F i g u r e  7 a l s o  shows t h e  
values  of tai and t used i n  t h e  f i n a l  t r i a l .  A comparison  between  the  source 
dens i ty  va lues  imp l i ed  by these  s lopes  and  the  known source  dens i ty  va lues  is 
shown i n  F i g u r e  8. 
v i  
$:Because boundary  in te rva ls  of  equal  length  h a re  chosen  a t  i n t e r v a l  e n d  p o i n t s ,  
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Q - First Trial Values 
X - Final Trial  Values 
Figure  7. - F i r s t  and f i n a l  values of - ds , a/h = 2 ,  a = 2 .  dl, 
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o - Piece-wise Constant  Calculated  Values - - Final  Trial  Values 
1 
0.5 
Figure 8. -Source  dens i ty  func t ions  on t h e  e l l i p s e  w i t h  a /h  = 2 ,  a = 2. 
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a - Calculated Values, Final Trial - - Analytical Values 
".' 
I 
Figure 9 .  -Normal s-cress and shear  stress 
t a n g e n t  t o  t h e  e l l i p t i c  b o u n d a r y ,  f i n a l  t r i a l ,  a/h = 2. 
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Q - Calculated Values, F i r s t  Trial 
x - Calculated Values, Final Trial - - Specified Value 




Figure 1 0 .  -Normal stress perpendicular  t o  t h e  e l l i p t i c  b o u n d a r y ,  a / b  = 2.  
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For t h e  f i n a l  a t t e m p t  a t  t h e  p r o b l e m  o f  t h e  e l l i p t i c a l  h o l e  w i t h  a / b  = 2 ,  
s o u r c e  d e n s i t y  f u n c t i o n s  w i t h  t h e  p r o p e r t i e s  g i v e n  i n  F i g u r e s  7 and 8 were used. 
C a l c u l a t e d  v a l u e s  o f  t h e  t a n g e n t i a l  stress and shear stress components are shown 
i n  F i g u r e  9. Ana ly t i ca l   va lues  are also shown.  The r e s u l t s  are e x c e l l e n t  and 
show cons iderable  improvement  f rom those  repor ted  in  F igure  5. Note t h a t  t h e  
computed va lues  o f  shea r  stress are roughly an order of magnitude less than  those  
shown i n  F i g u r e  5. Also the  ad jus tmen t  i n  sou rce  dens i ty  s lopes  gave  cons ide rab le  
improvement i n  t h e  a c c u r a c y  o f  t h e  c o m p u t a t i o n  f o r  u t '  
The f i n a l  r e s u l t s  p r e s e n t e d  for t h i s  example are g iven  in  F igu re  10 .  Shown 
i n  t h i s  f i g u r e  are t h e  c a l c u l a t e d  v a l u e s  of t h e  normal stress component, u , per-  
p e n d i c u l a r  t o  t h e  b o u n d a r y .  The va lue  of t h i s  stress component is known t o  be -1 
because  of  the  spec i f ied  boundary  loading .  Resul t s  are shown f o r  b o t h  t h e  first 
and f i n a l  trials fo r .  t he  p rob lems  and  ind ica t e  the  same improvement noted with 
r e g a r d  t o  t h e  s h e a r  stress ca lcu la t ion .  Fo r  the  r ange  .4 < % <4s7 , t h e  v a l u e  of 
u is near ly   cons tan t  a t  -1.08.  For t h i s  r a n g e  o f  t h e  p a r a m e t e r  n my Figure 
shows t h a t  I is less than  ,025 , an   exce l l en t   app rox ima t ion   t o   t he   spec i f i ed  
boundary  condition. The r eason  tha t  t he  no rma l  stress component s t a b i l i z e s  a t  
-1 .08 instead of  -1.00 is ind ica t ed  in  F igu re  8 where it c a n  b e  s e e n  t h a t  t h e  
v a l u e s  o f  u s e d  i n  t h e  f i n a l  t r i a l  are s l i g h t l y  g r e a t e r  t h a n  t h o s e  d e t e r m i n e d  
by t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  i n t e g r a l  e q u a t i o n s .  
n 
D i s c u s s i o n  o f  R e s u l t s  f o r  t h e  E l l i p s e  With a /b  = 5 
For t h e  p r o b l e m  o f  t h e  e l l i p s e  w i t h  a / b  = 5 and a = 1, each quadrant was d i -  
v i d e d  i n t o  5 1  i n t e r v a l s .  Near t h e  i n t e r s e c t i o n s  of the boundary with the x a x i s ,  
t h e  r a p i d  rate of  change of  the boundary curvature  made it n e c e s s a r y  t o  u s e  bound- 
a r y  i n t e r v a l s  o f  d e c r e a s i n g  l e n g t h  i n  o r d e r  to obtain an adequate approximation t o  
the  boundary  us ing  c i rcu lar  arcs. F igure  11 shows the  behav io r  o f  t he  sou rce  den -  
s i t y  f u n c t i o n s  f o r  t h i s  p r o b l e m .  The s o l i d  c u r v e s  r e p r e s e n t  t h e  s o u r c e  d e n s i t i e s  
used i n  performing the boundary stress c a l c u l a t i o n  w h i l e  t h e  p l o t t e d  p o i n t s  i n d i -  
ca t e s  t he  p i ece -wise  cons t an t  va lues  de t e rmined  by the  numer i ca l  so lu t ion  of t h e  
i n t e g r a l  e q u a t i o n s .  A s  befo re  , t h e  d a t a  is p l o t t e d  i n  terms of  4s/ I L1 , where 
s = 0 a t  x = 0 and y = 0 . 2 ,  and 4s/(LI = 1 a t  x = 1 and y = 0. Values of (5 are 
no t  shown f o r  4s/ ILI <.13 as t h i s  d e n s i t y  f u n c t i o n  d e c r e a s e s  r a p i d l y  t o  -36 a t  
s = 0.  
Figures  1 2  and 13 show c a l c u l a t e d  and a n a l y t i c a l  v a l u e s  o f  t h e  t a n g e n t i a l  
stress, u and t h e  t o t a l  stress, 0 ,  on the  boundary. It  can   be   s een   t ha t   t he  
r e s u l t s  d e p i c t  q u i t e  wel l  t h a t  t h e  stress concent ra t ion  a t  x = a and the stress 
va r i a t ion  a round  the  boundary .  In  o rde r  t o  p roduce  these  r e su l t s ,  it was aga in  
n e c e s s a r y  t o  smooth t h e  s l o p e s  o f  t h e  s o u r c e  d e n s i t y  f u n c t i o n s .  I n  t h i s  i n s t a n c e ,  
however, t h e  t a s k  was more d i f f i c u l t  b e c a u s e ,  n e a r  x = a ,  de r iva t ives  o f  bo th  
dens i ty  func t ions  were nea r ly  equa l  s o  tha t  s imul taneous  and  cons is ten t  ad jus t -  
ments i n  bo th  func t ions  were r equ i r ed .  
t y  
Figure 14  shows t h e  c a l c u l a t e d  v a l u e s  o f  t h e  s h e a r  stress, T and the   nor -  t '  










Q - Piece-wise  Constant  Calculated  Values - - Values Used i n  Boundary Stress Calculation 
P 
Figure 11. -Source  dens i ty  func t ions  
u and p, for t h e  e l l i p s e  w i t h  a/b = 5 ,  a = 1. 
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Figure  1 2 .  -Normal s t r e s s  t a n g e n t  t o  
t h e  e l l i p t i c  boundary for a /b  = 5. 
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Figure 14 .  -Normal stress and shear  stress 
a t  t h e  e l l i p t i c  boundary with a/b = 5.  
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loading are zero and -1 r e s p e c t i v e l y .  The d i f f i c u l t y  i n  sa t i s fy ing  the  boundary  
condi t ions  near  s = 0 is caused  by  the  behavior  of  the  source  dens i ty  a ( s )  i n   t h i s  
area. No great e f f o r t  was made t o  c o r r e c t  t h i s  s i t u a t i o n  as t h e  stress p a t t e r n  
i n  t h i s  r e g i o n  is not  of c ruc ia l  impor tance .  
Cons ide rab le  e f fo r t  was expended i n  making a d j u s t m e n t s  t o  t h e  s o u r c e  d e n s i t y  
f u n c t i o n s  f o r  4s > .5. i n  o r d e r  t o  minimize  the  shear  stress on the  boundary.  As 
shown i n  F i g u r e  14 ,  t h e  r e s u l t s  are e x c e l l e n t .  Greater a c c u r a c y  i n  t h e  c a l c u l a t e d  
values of o would b e  d e s i r a b l e ;  h o w e v e r ,  t h e  e r r o r  i s  much less than  the  maximum 
t a n g e n t i a l  stress u and does not create a n y  s i , g n i f i c a n t  d i s t o r t i o n s  i n  t h e  b e h a v i o r  
o f  t h i s  stress component around  the  houndary. The r e s u l t s  from t h i s  example ind i -  
cate t h a t  t h e  method  and formulas  used  for  ca lcu la t ing  boundary  stresses are accu- 




General Comments on the Numerical  Resul ts  
There are t h r e e  comments of  a genera l  na ture  which  re la te  t o  t h e  n u m e r i c a l  
r e s u l t s  p r e s e n t e d  i n  t h i s  s e c t i o n .  F i r s t ,  r e s u l t s  are presented  for  on ly  one  
par t i t ion ing  of  the  boundary  for  each  example .  S ince  a comparison between speci- 
f i e d  and  ca lcu la ted  boundary  t rac t ions ,  ra ther  than  convergence ,  is t h e  c r i t e r i o n  
f o r  a s s e s s i n g  t h e  v a l i d i t y  of a s o l u t i o n ,  t h e r e  is no need t o  examine r e s u l t s  from 
a series o f  boundary  pa r t i t i on ings  to  dec ide  wh ich  r e su l t s  are v a l i d  and which are 
o f  q u e s t i o n a b l e  r e l i a b i l i t y .  However, i n  o r d e r  t o  c a l c u l a t e  b o u n d a r y  stresses 
a c c u r a t e l y ,  it is n e c e s s a r y  t o  make enough subd iv i s ions  of the boundary so t h a t  an 
adequate  approximation of the  boundary  geometry is p o s s i b l e .  The easiest way t o  
insure  tha t  th i s  goa l  has  been  accompl ished  by a p a r t i c u l a r  p a r t i t i o n i n g  is  t o  
cons t ruc t  a f i n e r  o n e  a n d  t h e n  t o  compare numer i ca l  r e su l t s .  Such a procedure 
was followed for both the numerical  examples  presented.  
Second, it s h o u l d  b e  n o t e d  t h a t  t h e  d i s c r e t e  v a l u e s  o f  t h e  s o u r c e  d e n s i t i e s  
determined as i n  ( r e f .  1) p r o v i d e  t h e  b a s i s  f o r  t h e  s o u r c e  d e n s i t y  f u n c t i o n s  u s e d  
i n  t h e  boundary stress c a l c u l a t i o n .  T h e r e f o r e ,  t h e s e  d i s c r e t e  v a l u e s  s h o u l d  b e  
determined with a view  toward  the  subsequent  boundary stress computation.  That 
is, emphasis should be placed on determining a r e l a t i v e l y  h i g h  number of d i s c r e t e  
values  on those port ions of  the boundary where high stresses are expected. For 
example, it would b e  c o n s i d e r a b l y  s i m p l e r  t o  o b t a i n  a c c u r a t e  r e s u l t s  n e a r  x 5 a 
f o r  t h e  e l l i p s e  p r o b l e m  ( a / b  = 5)  i f  more s o u r c e  d e n s i t y  v a l u e s  were known on t h i s  
port ion of  the boundary.  
The f i n a l  comment r e l a t i v e  t o  t h e  n u m e r i c a l  r e s u l t s  p r e s e n t e d  are t h a t  t h e y  
are by no means un ique .  In  the  cour se  o f  ob ta in ing  the  r e su l t s  p re sen ted  fo r  t he  
second  example ,  s eve ra l  s l i gh t ly  d i f f e ren t  spec i f i ca t ions  o f  t he  sou rce  dens i t i e s  
nea r  x = a were used. Each r ep resen ted  a s o l u t i o n  t o  a problem wi th  s l igh t ly  
d i f fe ren t  boundary  loading .  
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CONCLUDING REMARKS 
The method p resen ted  fo r  t he  d i r ec t  computa t ion  o f  boundary  stresses hinges 
d i r e c t l y  on t h e  d e t e r m i n a t i o n  o f  s o u r c e  d e n s i t y  f u n c t i o n s  ( s a t i s f y i n g  t h e  r e q u i r e d  
cont inui ty  condi t ions)  f rom discre te  va lues  of  the  source  dens i t ies  de te rmined  by  
t h e  method o u t l i n e d  i n  ( r e f .  1 ) .  No s t anda rd  or unique method for  accomplishing 
t h i s  t a s k  has been developed; s 3  t h e  p r e s e n t a t i o n  o f  a d i r e c t ,  s t e p - b y - s t e p ,  
method f o r  a s o l v i n g  a given problem t o  w i t h i n  a spec i f i ed  accu racy  is n o t  y e t  
a v a i l a b l e .  However, t he  capab i l i t y  o f  ca l cu la t ing  boundary  stresses d i r e c t l y  
from an approximate stress funct ion accomplishes  a t  least  two s i g n i f i c a n t  o b j e c -  
t ives .   These   inc lude :  
1) The at ta inment  of  good accuracy  in  approximate  so lu t ions  on and close 
t o   t h e  boundary through the use of more s o p h i s t i c a t e d  r e p r e s e n t a t i o n s  
o f  t he  sou rce  dens i ty  func t ions .  
2 )  The el iminat ion of  convergence as t h e  c r i t e r i o n  hy  which the  accuracy  
of a numer ica l  so lu t ion  has  heen  previous ly  es tab l i shed .  This  fea ture  
is pa r t i cu la r ly  impor t an t  as it e f f e c t i v e l y  removes t h e  c a p a b i l i t y  of 
computational machinery as a l i m i t a t i o n  on t h e  a p p l i c a b i l i t y  of t h e  
in tegra l  equat ion  method.  
A p e r t i n e n t  a d d i t i o n a l  remark is t h a t  some of the  ideas  p re sen ted  he re in  are 
appl icable  to  harmonic problems ( r e f .  4 )  formulated and solved. by a numerical  
method  analogous t o  t h a t  p r e s e n t e d  i n  ( r e f .  1). O f  p a r t i c u l a r  s i g n i f i c a n c e  is t h e  
idea of  developing a more soph i s t i ca t ed  source  dens i ty  r ep resen ta t ion  based  upon 
t h e  d i s c r e t e  v a l u e s  of t h e  s o u r c e  d e n s i t y .  For harmonic problems, only the un- 
known funct ion and i ts  first d e r i v a t i v e s  a r e  g e n e r a l l y  of i n t e r e s t  on the boundary. 
T h e r e f o r e ,  i n  o r d e r  t o  b e  c o n s i s t e n t  w i t h  t h e  p h y s i c a l  s i t u a t i o n ,  c o n t i n u i t y  i n  
the  one  source  dens i ty  i s  only  requi red .  Here again a d i r e c t  e v a l u a t i o n  of t h e  
accuracy of  the numerical  solut ion through a comparison of computed and specified 
boundary  quant i t ies  is poss ib l e  and  the  necess i ty  of using convergence as a c r i t e r i o n  
for  accuracy  can  be  e l imina ted .  
The fundamental  disadvantage of  the method used t o  c a l c u l a t e  b o u n d a r y  strepses 
is t h a t  t h e r e  is  no  genera l  method by which a l l  the information required concerning 
the  sou rce  dens i ty  func t ions  can  be  au tomat i ca l ly  gene ra t ed .  The da ta  obta ined  by  
t h e  method p r e s e n t e d  i n  ( re f .  1) s e r v e s  as a s t a r t i n g  p o i n t .  I n  g e n e r a l ,  a d e t a i l e d  
examinat ion  of  the  charac te r i s t ics  of  the  approximate  so lu t ion  in  reg ions  of i n t e r e s t  
i s  r e q u i r e d  i n  o r d e r  t o  a t t a i n  a c c e p t a b l e  a c c u r a c y .  
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APPENDIX A 
DERIVATION OF LIMIT FORMULAS 
The de r iva t ion  o f  fo rmulas  for t h e  limits given by (31)  is ou t l ined  i n  t h i s  
appendix. To o b t a i n   t h e   e x p r e s s i o n s  for HP , HZ , HP HP and Hp given by (31) ,  
it is  n e c e s s a r y  t o  e v a l u a t e  t h e  limits i n  t h e  e q u a t i o n s  
11) € E J  rlE 
H' = l i m  B 
P Y  
H' = l i m  aS 
E+O 
r l = O  r l = O  
E 
E+O - P 
a E  1 
and 
( A . l  a-e) 
where is given  by  equat ion  (30) .  
P 
The d e r i v a t i o n  o f  t h e  r e q u i r e d  limits is a ided  by t h e  u s e  of two theorems 
from  advanced  calculus ( r e f .  7 ) .  
Theorem 1: 
If F ( E )  = l a f (E ,a)da  and  f i s  con t inuous  fo r  a < a < b y  c < E < d., then  b 
" "
lim F ( E )  = / , f ( ~ ~ ~ a ) d a  b 
E+€ 
0 
i f  C < E  <ti. 
Theorem 2 :  
- 0 -  
If F( E )  = j a f (  E ,a)da and f and - are con t inuous  fo r  a < a 2 5 and b a f  a €  - 
then  
" ' ( E )  = J - da . b a f  
a a €  
A g e n e r a l  r e s u l t  i n  p o t e n t i a l  t h e o r y  ( re f .  1) is  t h a t  t h e  s i n g l e - 1  
t i a l  is cont inuous  onto  the  boundary.  Hence equat ion  ( 3 1  a )  f o r  f!' is 





s imply  by  subs t i tu t ing  E = 0 and rl = 0 . i n to  (30 )  and d e f i n i n g  t h e  r e s u l t i n g  ex- 
p r e s s i o n  t o  b e  H . P 
T o  e s t a b l i s h  t h e  r e m a i n d e r  o f  t h e  f o r m u l a s  ( 3 1 )  , first assume E 2 E>? 0 so 
t h a t  Theorem 2 c a n  b e  u s e d  t o  j u s t i f y  r e v e r s i n g  t h e  o r d e r  of i n t e g r a t i o n  and d i f -  
f e r e n t i a t i o n .  Then rl is set e q u a l  t o  z e r o  i n  t h e  r e s u l t i n g  i n t e g r a l s .  
After these  ope ra t ions ,  one  ob ta ins  
i+l pi+l(a)[Ri+l(l-cos a )  + €Ida  
Di+l + Ri+l '0 1 
and 
6 i  
H" = l i m  C R ~ / ~  2 i p (a) s i n   a d a  
rl E+O 'i 
( A . 2 )  
where D = 2(Ri + €Ri) ( l -cos  a )  + E . The source   dens i ty   func t ions  p ( a )  and 
p (a) are given by ( 2 6 )  and ( 2 7 )  and s a t i s f y   t h e   c o n t i n u i t y   c o n d i t i o n s   g i v e n  by 
(28)  and  (29). To eva lua te  the  above  limits, one first i n t e g r a t e s  o v e r  t h e  r a n g e  
0 < a < X where X < min (6 i ,6 i+ l  1 is  chosen small so t h a t  one may take 1-cos a 
a / 2  and s i n  a = a .  The r e s u l t i n g  i n t e g r a l s  may be   eva lua ted   ana ly t i ca l ly .  Sub- 
s t i t u t i n g  t h e  r e s u l t s  i n t o  (A.2) and (A.3), p a s s i n g  t o  t h e  limit i n  E (u s ing  
Theorem 2 w h e r e  n e c e s s a r y )  y i e l d s  t h e  f o l l o w i n g  r e s u l t s :  




6 l i i  1 i+l i+l 6 
Hp E = TPi+l + 1imC-J 2 X  p ( a )da  + yJX P ( a )  d a l  
X+O 
and 
1 (1-cos 6 . )  H p  = 1 
rl P i + l l o g  ( 1-cos 6 i+l 
2 6i Ca v - a6 i ( t i  + 2v.)  sim ada 
1-cos a + l i m C 3 :  rX i 1 x+o 
2 
1 [a*i+lti+l + a v 1 s i n  ada i+l - 
26f+l rx 1 - cos a 1 .  
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The integrands above are continuous €or 0 " < a < 6 .  and 0 a 6i+1y so  t h e  
above  expres s ions  r educe  d i r ec t ly  to  (31  b)  and  (31  c ) .  
1 
Rever s ing  the  o rde r  o f  i n t eg ra t ion  and d i f f e r e n t i a t i o n  i n  ( A . l  d )  ( j u s t i f i e d  
by Theorem 2 f o r  E > 0 )  and s e t t i n g  TI = 0 g i v e s  t h e  e x p r e s s i o n  
titi 'it1 ( t i  t 2 V i )  6i  
t 1imC- 
E+o 'it1 j 0  aGitlda - 'i Jo crGidal 
where 
R . C ( 2 R .  2 t 2 ~ R ~ ) ( l - c o s   a ) - 2 ( R i ( l - c o s   a )  t E )  2 1 
2 2 2  G(E, Riyal = 
1 1 
E G .  . (A.5) 
C(2Ri t 2 ~ R ~ ) ( l - c o s   a )  t E 1 1 
The limits i n  ( A . 4 )  are denoted by I I*, and I3 r e s p e c t i v e l y .  1) 
The i n t e g r a l s  i n  t h e  f i r s t  limit, 11, can  be  eva lua ted  ana ly t i ca l ly .  Le t t i ng  
E approach  zero  y ie lds  t h e  r e s u l t  
6 .  t IT + c t n  -6 t IT t c t n  Yitl 1 1 1 1  2 i 6itl I1 =-T[: 
R .  
t 1. (A.6)  
1 Ri+l 
Note t h a t  I2 can be rewri t ten as  
s i n c e  G is  continuous for 0 - < E and 6 < a < 6 and  hence  Theorem 1 a p p l i e s .  
As 
i - - it1 
t h e  limit i n  ( A . 7 )  can  be  wr i t ten  as 
TO eva lua te  T2, one def ines  X small (X>O) so tha t  he  can  use  cos  a = l-a / 2 ,  
(X<min{Gi, 6i+l)). Then ( A . 5 )  becomes 
2 
a2(R: - E R ~ )  - 2 ~ '  - Fi a - 1 2  4 - 
G ( E ,  Riy a) = - - 2 2 2 2  - G i  [ ( R .  t E R ~ ) c ~  + E 1 
1 
( A . 9 )  
The i n t e g r a l  formed by s u b s t i t u t i n g  ci and Gitl i n t o  ( A . 8 )  and chanaing the - 
upper limit t o  X c an  be  eva lua ted  ana ly t i ca l ly .  Then it can be shown t h a t  
X - l i m  1 aCRitlGi+l - R.F.]da = 0 
E+O 
0 
independent of X .  Hence X can be chosen as small  as one p l e a s e s ,  j u s t i f y i n g  t h e  
approximat ion   tha t   cosa  = l-a / 2 .  S ince  X>O, then  by  Theorem 1, I may be  w r i t -  
t e n  as 
2 - 
2 
- it1 6 
I2  = I i 6 -  l i m  a[R. G ( 0 ,  Ritl ,  a )  - R i G ( O ,  R i ,  a>]da  . it1 it1 X-tO 1t1 
Now G(O Y R i '  a )  = 2R. (l-cos a )  
cos a , so  tha t  t he  in t eg rand  above  is i d e n t i c a l l y  z e r o .  
1 
Therefore  7 0 and ( A .  7 ) r e d u c e s  t o  2 
or 
( A . l O )  
Note t h a t   h e   c o e f f i c i e n t  ti+1 is s imply   the   der iva t ive  of t h e   s o u r c e   d e n s i t y  
Ri+lGitl 
f u n c t i o n  w i t h  r e s p e c t  t o  s a t  t h e  common end-poin t  of  in te rva ls  i and itl. The 
r educ t ion  of I t o  t h e  form given  by ( A . l O )  is n o t  p o s s i b l e  u n l e s s  t h i s  d e r i v a t i v e  
i s  cont inuous.  If t h e  d e r i v a t i v e  is  d i scon t inuous ,  t he  limit I2 does  no t  ex i s t .  
To eva lua te  I t h e  t h i r d  limit i n  ( A . 4 ) ,  again  one may in t roduce   t he   ang le  
2 
3 '  
A>O, use the  approximat ion  cosa  = 1 - a / 2  and perform t h e  i n d i c a t e d  i n t e g r a t i o n .  2 
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After l e t t i n g  E approach zero,  one finds t h a t  
V - i (""---)+" X vi+l (- X -  2 ) 
' 3 - 3  Ri 6Ri 
i+l Ri+l 6Ri+l 1 
V 
+-  i 6i a cos ada i+l 6i+l a cos ada 
2 V 2 
1-cos a ' 2 'X 1-cos a + 26i Ri 2 'A 
2Ri+l i+l 
Then l i m  I r e d u c e s  t o  t h e  f i n a l  r e s u l t  
X-tO 3 
V .  
1 6i a cos  ada I3 = - 2 ' 0  1-cos a 
1 1  2Ri+l i+l 
2 V i+l a cos  ada 2 
1-cos a ' + -  62  /O 
( A . 1 1 )  
26 . R .  
The der iva t ion   of   o rmula   (31d)   for  is  now complete   s ince by d e f i n i t i o n  
HP = 
'i+l 1 2 I + I + Ig and I 12, and I3 are given by equat ions (A.6) ,  (A.10) 1' 
(A.11) r e s p e c t i v e l y .  
To o b t a i n  t h e  limit fo rmula  fo r  Hp one may i n t e r c h a n g e  t h e  o r d e r  of i n t e -  
r lE  ' 
g r a t i o n  a n d  d i f f e r e n t i a t i o n  i n  ( A . l e )  a n d ,  s e t t i n g  n = 0 ,  o b t a i n  
t .  + 2vi 6i 
+ l i m [  1 ti+l /'i+l 1 a€.da - - aFi+ldal 
E-tO 6i 0 1 i+l 0 
V i+l 6i+l 2 
2 Jo 
E+O 6i+l 
v .  
+ lim[- a Fi+lda - - 1 Jo c1 Fidcrl 
6i 
where 
+ 2R. s i n  a [R.(l-cos a) + E ]  
[(2Ri + 2€Ri)( l -cos  a)  + E 1 
2 
2 2 2  1 = F. F ( E ,  Riy a) = - 
1 1 
Denote t h e  limits appea r ing   i n  (A.12) by LT J2' and J r e s p e c t i v e l y :  1' 3 
(A.12) 
(A.13) 
H P  = Pi+l J 1 + J 2 + J  
Erl 3 .  
(A.14) 
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F -  
f i '  
The eva lua t ion  o f  limits J and J3 can be accomplished-using the methods described 
t o  o b t a i n  t h e  f o r m u l a  for HZE. I n  o r d e r  t o  e v a l u a t e  J2¶ it is n e c e s s a r y  t o  u s e  
t h e  c o n t i n u i t y  c o n d i t i o n  on t h e  d e r i v a t i v e  o f  t h e  s o u r c e  d e n s i t y  f u n c t i o n .  The 




V i+ 1 & i + l  a s i n   a d a  2 V i r6i a s i n  ada 2 J =  2Ri+16f+l / O  1-cos a 
" 
2 o 1-cos a ' ( A . 1 6 )  2R. 6 .  
1 1  




J1 = J6 F(0 ,  Ri+l, a )da  
+ limCJo [F(E  Ri+l, a )  - F ( E  , Ri , cr)lda . (A.17)  'i 
E+O 
If t h e  limit i n  ( A . 1 7 )  is  denoted by ";, performing  the  ind ica ted  in tegra t ions  
y i e l d s  
However, it is  e v i d e n t  t h a t  t h e  limit i n d i c a t e d  above does n o t  e x i s t  u n l e s s  
R.  = Ri+l, i n  which case J = 0.  I t  is appa ren t   t ha t   t he   sou rce  of t h e  d i f f i c u l t y  
is t h e  d i s c o n t i n u i t y  i n  t h e  b o u n d a r y  c u r v a t u r e  a r t i f i c i a l l y  i n t r o d u c e d  by t h e  u s e  
of t a n g e n t  c i r c u l a r  arcs t o  approximate the boundarv contour. 
- 
1 1 
A more d e t a i l e d  a n a l y s i s  o f  t h e  c o n t r i b u t i o n  t o  H p  from t h e  c o e f f i c i e n t  o f  
vas  per formed us ing  the  assumpt ion  tha t  the  paramet r ic  equat ions  in  terms of 
n E  
i+l 
s f o r  t h e  boundary contour could be expanded in a T a y l o r  s e r i e s  a b o u t  t h e  p o i n t  
s o v e r   i n t e r v a l s  i and i+l. The r e s u l t s   i n d i c a t e d   t h a t   t h e   c o n t r i b u t i o n   t o  H 
was of  the  order  of  (min{h.  Therefore ,  it was decided t o  n e E l e c t  t h i s  
cont r i i iu t ion  (e f fec t ive ly  assuming R .  = Ri+l).  I n  o r d e r  t o  a c c o u n t  f o r  t h e  d i f -  
P 
i+l rlh 
1 7  hi+l 
1 
41 
f e r e n c e   i n   i n t e r v a l   l e n g t h ,  a term r .  = ( R .  t S ) / ?  was defined  and J was 
w r i t t e n  as 
1 1 it1 1 
o r  
I 
( A .  18) 
This   comple tes   the   d i scuss ion  of H p  . Substitution of equat ions  ( A . 1 5 ) ,  
En 
(A.161, and (A .18)  i n t o  (A.14) g ives  the  fo rmula  (31e). 
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